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Gross-error detection plays a vital role in parameter estimation and data reconcilia-
tion for dynamic and steady-state systems. Data errors due to miscalibrated or faulty
sensors or just random events nonrepresentative of the underlying statistical distribution
can induce heavy biases in parameter estimates and reconciled data. Robust estimators
and exploratory statistical methods for the detection of gross errors as the data reconcili-
ation is performed are discussed. These methods have the property insensitive to depar-
tures from ideal statistical distributions and to the presence of outliers. Once the regres-
sion is done, the outliers can be detected readily by using exploratory statistical tech-
niques. Optimization algorithm and reconciled data offer the ability to classify variables
according to their observability and redundancy properties. Here an observable variable
is an unmeasured quantity that can be estimated from the measured variables through
the physical model, while a nonredundant variable is a measured variable that cannot
be estimated other than through its measurement. Variable classification can be used to
help design instrumentation schemes. An efficient method for this classification of dy-
namic systems is developed. Variable classification and gross-error detection have im-
portant connections, and gross-error detection on nonredundant variables has to be

performed with caution.

Introduction

While data reconciliation is a common tool for steady-state
systems, application to dynamic systems is still in its infancy
(Liebman et al., 1992; Sistu et al., 1993). Moreover, the dy-
namic problem has some interesting characteristics related to
the optimization formulation and interpretation of results. In
a previous article (Albuquerque and Biegler, 1996) we devel-
oped an efficient successive-quadratic-programming-based
(SQP) method for data reconciliation and parameter estima-
tion for systems described by differential and algebraic equa-
tion systems (DAE). Here the problem is posed as minimiz-
ing an objective function that reflects the distributional struc-
ture of the measurement errors subject to the process model.
The most commonly used objective function is least squares,
which assumes that the measurement errors are independent
with time and normally distributed. If these assumptions are
verified, then the least-squares function leads to the optimal
unbiased estimator, in the sense that of all the possible unbi-
ased estimators, it is the one with the smallest variance.

Correspondence concerning this article should be addressed to L. T. Biegler.

AIChE Journal October 1996

However, if the measurement errors do not follow these
ideal assumptions (e.g., they are not normally distributed)
then the estimates will be biased. That is the case when out-
liers are present in the data. These can be caused either by a
malfunction on a measuring device (e.g., a broken wire in a
thermocouple), by improper use of such devices (e.g., a
flowmeter ring being installed backwards), or any number of
random causes. By definition, an outlier or a gross error is a
measurement in which the error does not follow the statisti-
cal distribution of the bulk of the data. A number of ap-
proaches have been proposed to deal with this event in
steady-state systems. Initially, sequential tests were used
where a regression using the least-squares assumption was
performed, and the residuals were studied using statistical
tests in order to see which of those residuals followed the
initial distributional assumptions (Narasimhan and Mabh,
1988; Tamhane et al., 1992). Once a gross error was detected,
a new regression was performed and tests were done until
the data were free of errors. This approach has the disadvan-
tage in that the distributional tests are based on the residuals
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from a regression that may be heavily biased by the presence
of the outliers. An outlier in one measurement may show up
in a totally different measurement after the regression is per-
formed. These are defined as leverage points (Rawlings,
1988). Also due to the sequential nature of the method, many
regressions may have to be performed until we are satisfied.

Another approach is to take into account the presence of
outliers from the very beginning. A common method is the
use of contaminated error distributions (Jeffreys, 1932; Fariss
and Law, 1979; Tjoa and Biegler, 1991), in which the objec-
tive function allows for two error structures, each with a cer-
tain probability of occurrence. In this manner, the regression
accommodates the presence of outliers, and gross-error de-
tection can be performed simultaneously. However, this ap-
proach will not work well if the gross-error distribution is not
well characterized. Also it often leads to nonconvex and com-
plex objective functions prone to underflow problems. An-
other simultaneous approach is to use objective functions that,
due to their mathematical structure, are insensitive to devia-
tions from the ideal assumptions (Rey, 1983; Huber, 1980).
These estimators tend to look at the bulk of the data and
ignore atypical values. In this fashion, an accurate regression
can be performed even if nothing is known about the outliers
or even the error structure of the data, and exploratory meth-
ods can be used to detect gross errors and derive more infor-
mation from the statistical properties of the data once the
residuals are estimated (Tukey et al., 1983).

Finally, uniqueness of the reconciled measurements is
strongly linked to the problem formulation, the performance
of the optimization, and statistical interpretation of the re-
sults. This must be analyzed by a careful variable classifica-
tion. For steady-state processes (Crowe, 1989; Stanley and
Mah, 1981; Kretsovalis and Mah, 1988; Swartz, 1989) devel-
oped methods based on necessary and sufficient conditions
for redundancy and observability. We extend this work using
efficient sparse linear algebra methods and introduce the
concept of collective redundancy. This concept applies espe-
cially to dynamic systems as well as to the more general situa-
tion when several data sets are considered together.

In the next section we describe and compare the Bayesian
and the robust approaches for gross-error detection. In the
third section we address the question of variable classifica-
tion, and in the fourth section we further consider robust and
exploratory statistical methods and how they relate to vari-
able classification. Finally, we illustrate the use and effective-
ness of these techniques on a few examples in the fifth sec-
tion, and conclude this article with some remarks in the last
section.

Simultaneous Gross-Error Detection

Consider the following error-in-all-variable-measurements
(EVM) constrained by a DAE and separable boundary condi-
tions:

N
min Z li(zi’ Zi’ uisﬁi’ 9) + 1N+1(ZN+1’ 2N+ 1s 0)
i=1

dt
Ryz(t)) =z, Rrz(ty, ) =27
h(6)<0. D

daz
s.t. \I'(—,z,u,(),t) =0
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Here we assume that the measured outputs are subsets of the
state variable vector, without loss of generality; z; and u; are
the state and input variables at time ¢ = t,, respectively; Z;
and ¥; are their respective measurements; and 6 are the un-
known parameters. As in our previous approach, we dis-
cretize the DAE model using standard implicit Runge-Kutta
methods (IRK) (Brenan et al., 1989). The structure of these
equations is explored further in the next section.

In this section we describe and compare two approaches
where the objective function of problem 1 is constructed in
such a way that gross-error detection can be performed si-
multaneously: the Bayesian approach where the posterior
distribution function takes into account the presence of out-
liers by describing their error structure, and the robust ap-
proach where the estimators are designed so that they are
insensitive to outliers. We discuss the advantages and disad-
vantages of each approach.

Bayesian approach

Here we group the state variables z; and the input vari-
ables u; into x! =(z7,ul) and further partition x; into the
measured variables x;” and unmeasured variables x¥, such
that x] =[(x")7,(x*)T]". We also group the measured and
unmeasured variables across the time instants (x)7 = [(x7)7,
ey LT, (29T =[(x1)7, ..., (x%, 7V, and we con-
sider the following error model for the measured variables:

XM=x"+e¢, )

where € is the measurement error. Also, suppose that the
variables x™ and x“ are constrained by some physical model
and are dependent on unknown parameters §. Here we rep-
resent the equalities in Eq. 1 by the general relation:

Fx™, x,8) = 0. ®

The problem here is of estimating § and x“ knowing the
measurement ¥™ and the probability distribution function of
€. Let p(€) be the error distribution. Then the measurements
x™ will be distributed according to p(x™ - x™|8, x*). This
will be the likelihood function L(6). According to Bayes’ the-
orem, the posterior distribution of the parameters and the
unmeasured variables, given the data, will be

p(o, x¥x™) = L(8,x")I1(0, x*), 4

where I1(8, x*) is the a priori distribution function of the pa-
rameters 6 and the unmeasured variables x“. Using the max-
imum a posteriori method, we minimize the negative of the
log posterior subject to the model:

min, . —log p(8, x*|x™)

st f(x™, x*,8)=0. %
If the measurement noise € is normally distributed and inde-
pendent across the data sets, and if we use a flat prior

11(8, x*), problem 5 will become a nonlinear least-squares
problem.
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To take into account the presence of outliers, we rede-
velop the contaminated normal distribution (Jeffreys, 1932;
Fariss and Law, 1979; Tjoa and Biegler, 1991) as the outcome
of a Bernoulli trial (DeGroot, 1986). Here the two possible
outcomes are G ={Gross error occurred} with probability 7
and R = {random error occurred} with probability 1— 7. When
G occurs, the error e will follow a distribution p(elG). This
will be the gross-error distribution. Likewise, when event R
is true, then the error € will follow p(e|R). Thus the distribu-
tion of e will be

ple)=(1—-n)p(elR)+ np(elG). (6)

The posterior distribution on ¢ and x* will then be

p(8, x¥x™) =[(1—n)p(z™ - x™6, x*, R)
+np(X™ = x"0,x*,G)II(8) (7

and this distribution will be used on problem 5 leading to

min, —log{[(1—n)p(¥™ - x™|0,x* R)
+np(E™ — x™80, x*,G)I(E, x*)}

st f(x™,x*,8)=0. ®
Once problem 8 is solved, gross errors can be identified when
the gross-error term is greater than the random-error term
for a particular measurement:

pp(x™ — x™18,x*,G) > (1 —n)p(Xx™ — x™6,x*,R). (9

Commonly used distributions for the random and gross er-
rors are normal distributions in which the gross-error distri-
bution has a higher variance than the random-error distribu-
tion, and where the individual measurements are indepen-
dent. With a flat uniform prior this leads to the 7-con-
taminated norma!l distribution with normal contamination
(Jeffreys, 1932; Fariss and Law, 1979; Tjoa and Biegler, 1991;
Johnston and Kramer, 1995):

1{xm—3m\>
P(e,x“b_cm) a(l—n)exp{—i(____o-_)}

n 1(xm—3xm\* 10)
el 3 |

where b>1 is the ratio of the standard deviation of the
gross-error distribution to the standard deviation of the ran-
dom-error distribution. The contaminated normal distribu-
tion has heavier tails than the pure normal distribution, mak-
ing it less sensitive to outliers. For the same reason, some
authors prefer to use a ¢ distribution to describe the gross
errors (Verdinelli and Wasserman, 1991). The advantages of
the Bayesian approach are that it incorporates knowledge of
the parameters and the error structure and allows for
straightforward inferencing because of its Bayesian nature.
However, if not much is known about the gross-error struc-
ture, or even the random-error structure, then this approach
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can be very misleading. Also, the posterior distributions, Eq.
7, have a complicated mathematical structure, prone to nu-
merical problems such as underflows, and they lead to non-
convex objective functions in problem 8, making this problem
more difficult to solve. This is examined in more detail later
in this section.

Robust estimators

In the previous section we discussed some of the problems
that plague the Bayesian-based gross-error detection meth-
ods. The use of robust estimators alleviates these problems,
though introducing some of its own. With the classic ap-
proach we assume that the measurement errors follow a cer-
tain statistical distribution, and all statistical inferences are
based on that distribution. However, departures from all ideal
distributions (such as outliers) can invalidate these infer-
ences. In robust statistics, rather than assuming an ideal dis-
tribution, we construct an estimator that will give unbiased
results in the presence of this ideal distribution, but that will
be insensitive to deviations from ideality to a certain degree.
Suppose that {¢,, ..., §,} are drawn from distribution f(¢)
and let T be an unbiased estimator 6 = T f( £)] of parameter
6. If we have only a more or less valid distributional model
g(&), then the estimate will be 6 =T[g(&)]. The distribu-
tions of the estimators based on f(¢) and g(¢) will be I'(4, f)
and T'(6, g). The estimator T(+) will be robust iff

d(f,g)<n=d[l(4,1),I(8,8]<e, (11
where d(-) is a distance function. Thus a bounded shift from
the ideal assumptions will lead to a bounded shift in the esti-
mates. To assess robustness, an important notion is the influ-
ence function. The influence function measures the impor-
tance of an observation on the estimator and is defined as:

TI(1- S(£-¢I-T
(e = lim [( t)f+t(z§ £p)] [f]’

(12)

where 8(£ — &) is the Dirac function centered on a particu-
lar observation &,. For an estimator to be robust, its influ-
ence function has to be bounded as the observation £, is
taken to infinity.

M-estimators: fair function
There are several classes of robust estimators. The most

important for us are the M-estimators, which are generaliza-
tions of the maximum-likelihood estimator. Their form is

min ¥ p(&,0). (13)

i=1

Several estimates have been proposed in the literature (Rey,
1983; Huber, 1980; Basu and Paliwal, 1989), but to our
knowledge only the fair function is convex and has continu-
ous first and second derivatives. Its form is

p(§)=cz[|ﬂ —log(1+li|)],
c c

Vol. 42, No. 10

(14)

2843



where ¢ is a tuning parameter. Another important notion is
the relative efficiency for some nominal distribution, say
Gaussian. For the single-parameter case, it is defined as

VO t
E=—X, 15
I/act ( )

where V,,, is the optimal error variance of an estimator with
this nominal distribution given by the Cramer—Rao inequality
(DeGroot, 1986) and V,,, is the error variance attained by
the estimator considered. As ¢ becomes smaller, the fair
function estimator becomes less sensitive to outliers and its
influence function becomes smaller. However its asymptotic
efficiency with respect to the normal distribution also de-
creases. If E is the relative asymptotic efficiency with the
normal distribution, for the single parameter case, then c is
crudely related to it by (Rey, 1983)

E -0.63662 \ "
————) (16)

=0.21529
¢ ( 1-E

In general, there is a trade-off between robustness and effi-
ciency. The more robust an estimator is, the less efficient it
is. For M estimators, the influence function is proportional
to the estimator’s derivative. For a least-squares estimator,
the influence function would be

L XCITEH a7

For the contaminated normal, we take the derivative of the
—log of Eq. 10:

djconl(g)aw(g)gs (18)

where w{ ¢) is a weighting function given by

1€V m 1(§)?
(1—mnlexp —5(;) +;exp{——2-(ﬁ)
e L&V, 7 eV
(1—mn)exp -2l5 +Fexp ~s\5
(19)

For very large values of £, this weighting function can be
approximated by w(¢) = 1/b%, whereas for small values of &,
w(¢) = 1. Therefore, a good approximation to the influence
function of the contaminated normal estimator will be

Taking a very large observation, £ —, the influence func-
tion for both the least-squares and the contaminated normal
will grow to =, whereas the influence function for the fair
estimator will be bounded since lim, _ W, (£)a c. Note that
the Bayesian-type estimators described earlier normally do
not have a bounded influence function, because for large
residuals the posterior distribution 7 is approximated by the
gross-error distribution (say a normal or a ¢ distribution). A
maximum a posteriori estimator based on this distribution will
not be robust, except in the special case when the Cauchy
distribution (DeGroot, 1986) is used to model the gross er-
rors. However this distribution does not lead to a convex
function.

The fair estimator is not scale invariant, so if we are trying
to estimate x from its measurement ¥, we should use an esti-
mate of the scale o. The fair function would then be

ple,c)=c? l—E—]+log 1+E 22)
9 c C b

with € =(x — X)/o being the estimated residual. It is some-
times also convenient to muitiply Eq. 22 by o2 to scale it up.
This avoids numerical problems such as very high values of
the objective function and gradients, and small values for the
second derivatives. This estimator behaves like the least-
squares estimator for small residuals, but like an absolute-
value estimator for large residuals. For small residuals we take
a second-order Taylor expansion around zero. For large mag-
nitude residuals, the logarithmic term will be much smaller
than the absolute-value term. For these extremes, the fair
function, Eq. 22, behaves like

1
—¢? for small €

ple,c)=1{ 2 (23)
clel for large e.

This robust estimator has the advantage of having a very sim-
ple mathematical form and of having very convenient proper-
ties for optimization. It also does not require any knowledge
of the error structure of the outliers and of the data them-
selves. However, it cannot be used to draw inferences to the
same extent as the Bayesian estimators because we are not
incorporating any knowledge of the distributional structure
of the data, but rather using a mathematical construct that is
resistant to outliers.

Objective function properties for data reconciliation

The properties of the first and second derivatives of the
estimator are important for the robustness and efficiency of

£, £-0 the data-reconciliation procedure. Consider the following
Veone(§) % £ £ (20)  simplified problem:
min ¢(x)
The influence function for the fair function is given by s.t. f(x)=0. (24)
W, (£« g[gl ] (21) The Lagrange function for problem 24 is given by
1+ —
¢ L(x)=¢(x)+yTf(x), (25)
2844 October 1996 Vol. 42, No. 10 AIChE Journal



where y are the multipliers. First-order optimality conditions
require that the multipliers lie in the range space of the lin-
earized constraints at the solution x*:

y=—(YT v, (26)
where A is the Jacobian of the constraints f(x) evaluated at
x*; Y is some matrix whose columns span the range space of
A; and g is the gradient of the objective function ¢(x) at x*.
Now suppose that the residuals in either the log posterior of
the contaminated normal function 10 or the fair estimator 22
are small. The gradient for the log posterior of the contami-
nated normal is given by Eqs. 18 and 19, and it is easy to see
that it will be small for small residuals. For the fair function,
Eqg. 22, the gradient will be given by

dp(e,c) €

de B (el
1+—
c

@n

and as long as the residuals are small and ¢ is small, the
gradient will also be small. In both cases, g will be small, and
from Eq. 26 we have

vl < Kligll, (28)

where K =cond(Y7A)|Y]|, then [yll=0, meaning that all
components of g will be small. The Hessian of the Lagrange
function is given by

V2L =V%+ ) vH, 29
j

where H;=V?f, If the multipliers y; are small, then the
Hessian of the Lagrangian can be approximated by the sec-
ond derivatives of the objective function:

VIL=V%. (30)
Approximation 30 is called the Gauss—Newton (GN) approxi-
mation and it will be valid as long the residuals are small.
Another case when the GN approximation will be valid is
when the curvature of the constraints f{x) is small. To see
this, recall expression 29. If the curvature is small, then || Hjll
=0 and we get expression 30. However, for both the exist-
ence of a unique global solution to problem 24 and for the
global convergence properties of the optimization algorithm,
the reduced Hessian of the Lagrangian needs to be positive
definite at the solution, and its approximations also need to
be positive definite at every iteration. The reduced Hessian
B is given by

B=2ZTVLZ, 3D
where Z is some matrix whose columns span the null space
of A”. When using the GN approximation, positive definite-
ness of B will be guaranteed as long as the objective function
is strictly convex.
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For the log posterior of the contaminated normal function,
the first derivative of the objective function will be approxi-
mated by and proportional to € for small values of the resid-
ual €, whereas for large e it will be approximated by e/b2. If
b is sufficiently large, then the second derivative will change
signs as € increases. Therefore this objective function is not
convex and problem 24 may have many local minima even if
the constraints are linear, and the GN approximation may
not converge even to a local solution. On the other hand, the
second derivative of the fair function 22 is given by

(e, c) i 1

= . 32
o€’ (1+1el/c) 32

Note that this is a convex function with its curvature in-
creasing with decreasing values of ¢. Here an estimation
problem with constraints that have small curvature will al-
ways have a unique global solution and the GN approxima-
tion will be guaranteed to converge. Moreover, since. the non-
linear data-reconciliation problem is frequently solved with
SQP, the GN approximation leads to significant improve-
ments in the convergence rate (Albuquerque and Biegler,
1996; Tjoa and Biegler, 1991). Unlike the contaminated nor-
mal objective, this is further improved by the fair function
since it always has positive curvature. Therefore, from the
optimization point of view, the fair function has more advan-
tages than the nonconvex Bayesian approach.

Variable Classification

Variable classification is an important tool for designing
instrumentation schemes and for providing more insight on
how the measurements relate to the physical model being
used. Gross-error detection relates to variable classification
in the sense that special precautions have to be taken when
dealing with nonredundant variables. Otherwise the recon-
ciled solution will be nonunique and the optimization algo-
rithm may fail. This is explored and illustrated further in the
next section. In this section we first linearize and simplify the
dynamic nonlinear model. We then apply the properties of
observability and redundancy and derive the tools necessary
to classify a variable.

Linearizing the DAE model

The DAE constraints in problem 1 are approximated by
the general IRK formula:

z;, =2z + az! 33)

0=F(z;,z},u;,6) (34)

i=1,...,N,
where z; are the stage derivatives. We solve for problem 1

with Egs. 33 and 34 replacing the DAE. At the optimal point
we linearize Eq. 34:

JF,
O=A,-zi—¢iz§+B,-u,~+(o_’—0)0+(---) (35)
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where A; =(3F,/dz;), B,=(dF,/du;), and ¢;=~—(dF,/dz)),
and (---) are the constant terms arising from Taylor’s first-
order expansion. We solve for z; using Eq. 35 inverting ¢,
and replacing in Eq. 33. After some manipulation, we get:

2 = Ayz;+ Blu; + Clo+(---), (36)

where A, =1+ a¢;'4,, B, =ad; B, C;= ad; '(JF,/30).
We now group the state variables z; and the input variables
u, into x] =(z7,ul). Equation 36 will lead to

[I 0x,, =[A, Blx;+Clo+(-). 37

Partitioning x; into the measured variables x;* and unmea-
sured variables x%, such that x7 =[(x/)7,(x¥)"]" Eq. 37 will
lead to

E x" + E,x% =F"x"+ F'x*+Cl6+(---), (38)

1

where E,, and F;/" are the matrices obtained by grouping the
columns of [I 0] and [ A4 B;] corresponding to the mea-
sured variables, respectively, and likewise E, and F* for the
unmeasured variables. We do the same grouping and split-
ting for the initial and final conditions of Problem 1:

R,E, x"+ R,E x} =z, (39)

RrE x5+ RrE Xy, = 2. (40)

Combining Eqgs. 38, 39, and 40, we get

T#x, + T™x,, =(-), (41)
where
x¢ X
fu= xu: ’ Xm =
N0+1 XN+1
(R,E,) 0
F} - E, 0
T" = ) .
Fltl/ - Eu CI’V
(R;E) O
(R,E,)
Fr - E,
T = .
Fy —-E,
(R;E,)
Observability

Observability is closely related to identifiability (Seber and
Wild, 1989). Here, given a nonlinear model E[y]= f(¢, 6),
where y are the response (measured) variables, ¢ are the ex-
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planatory variables, the parameters 6 will be unidentifiable
when there exists 8, and 6, such that f(z, 8,) = f(¢, 8,). The
concept of observability is very similar. An unmeasured vari-
able is defined as unobservable if it cannot be uniquely deter-
mined through the measured variables. If a variable or a pa-
rameter is unobservable, then its value cannot be inferred
from the measurements and the solution of the regression
problem will be nonunique in these variables, and meaning-
less.

The application of observability results for steady-state sys-
tems (Crowe, 1989) to the dynamic case is straightforward.
Consider Eq. 41, and assume a nonzero change Ax, in the
unmeasured variables x,. Then T*Ax, = 0 for the perturba-
tion to be feasible. Then x, € x,, will be observable iff:

T“Ax,=0=Ax, =0. (42)

An easy way to determine this is to decompose the matrix 7'
into sparse LU factors
U U
PT*Q=L| ' 72|,
© [ 0 0 ]

where U, is an upper triangular nonsingular matrix of rank r,
and P and Q are permutation matrices. Note that T* may be
full row rank. In this case, the zero entries in the upper trian-
gular matrix would not exist. 7% could also be full column
rank; then U, would not exist and there would not be any
unobservable variables. In the more general case, the left-
hand side of Eq. 42 will become

U Uy o1y, _
L[O O]Q Ax,=0. 43)

Rearranging vector Ax, into

_IA Axl
Q Xy = sz
and simplifying Eq. 43, we get
Ax,=—-UTU,Ax,. (44)

Because there will be a unique Ax; for any value of Ax,
such that the change will be feasible and unobservable, then
all the variables associated with Ax, will be unobservable.
Furthermore, a variable associated with Ax; will be unob-
servable if the corresponding row of — U, 'U, is a nonzero
vector, since it will always be possible to find a Ax, such that
Ax, #0. Observability requires a zero row of U; 'U,. This
approach is similar to the one developed by (Crowe, 1989)
and (Swartz, 1989), except that we are now using it on dy-
namic systems with a sparse LU decomposition.

Redundancy

A variable is defined as nonredundant if deletion of its
measurements will make this variable unobservable. In other
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words, in order to be able to estimate the nonredundant vari-
able, its measurements are absolutely necessary since this
variable is not related to other measured variables through
the model. For the simultaneous gross-error detection and
data reconciliation, nonredundant variables play a primary
role, since their detection as gross errors leads to unobserv-
able variables and nonunique solution. Consequently, classifi-
cation of these variables is crucial to the optimization strat-
egy in the previous section.
Consider a local feasible change in x, and x,,;:
T“Ax,+T"Ax,, =0. (45)
We now try to eliminate the unmeasured variables from Eq.
45. As was seen in the previous section, matrix 7% can be
decomposed into LU factors:

wn_ | U
PT Q—L[O].

A matrix Z orthogonal to (PT*)? would be given by

ZT=[0 1L (46)
Premultiplying Eq. 45 by the permutation matrix P and then
by Z 7 the unmeasured variables would be eliminated and we
would get

(ZTPT™)Ax,,=0. “7n
Suppose we have some measured variable x* that is being
measured across at least some of the N +1 data sets x* = (xi‘,
s X5, )T € x,, (e.g., temperature at the exit of a CSTR).
Variable x* will be nonredundant if by deletion of its associ-
ated measurements it becomes unobservable. We then apply
the unobservability test to

(ZTPT™)kAx* =0, (48)
where (ZTPT™), are the columns of (ZTPT™) corresponding
to variable x*. Previous studies (Crowe, 1989; Swartz, 1989)
required the coefficient matrix in Eq. 47 to have a zero col-
umn for the associated variable to be nonredundant, and thus
nonunique and unobservable if deleted. This condition is suf-
ficient but not necessary for nonuniqueness in dynamic sys-
tems. Here a state or control variable is measured at several
time instants; this also occurs in steady-state systems with
multiple data sets. In both cases, the column associated with
a particular measured variable (column of 7"") does not need
to be zero. Instead the linear combination of all the columns
associated with this variable (across all data sets or time in-
stants) must lie in the null space of the coefficient matrix of
the unmeasured variables (T*). We further note that redun-
dancy of a series of measurements requires that the columns
of (ZTPT™), span the entire space so that Ax* =0 is the
only solution to Eq. 48 and a unique solution for x* can be
computed without the whole set of measurements.

In other words, the individual measurement for z(¢,) may
be redundant, even when z(¢)=[z(t,), ..., z(¢5, )] is nonre-
dundant. Here we are interested in the properties of variable
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z(¢), which upon discretization are equivalent to the collective
properties of variables (zy, ..., zy, ). We term this concept
collective redundancy for dynamic systems.

As an example consider the following process with only one
measured variable z and one parameter 8, where the con-
straint is z;,;=z; + 6. Obviously z is nonredundant, since
there are no other measurements taken. If data are collected
across data sets i =1, 2, 3, then the constraints for the regres-
sion problem will be

23=2z,+6 (49)
Z9 =23 + 6. (50)
Bringing Eqgs. 49 and 50 into matricial form, we get
z '
-1 1 0 -1
[ e o
—_— % —
™ ™
A matrix Z orthogonal to T* would be ZT=[1 —1). Pre-
multiplying Eq. 51 by Z7, we get
2
[-1 2 —1]{z]|=0. (52)
zirm 3

There are no zero columns in Z7T™; however, it is clear
that (z;, z,, z3) are nonunique when they lie in the null space
of [-1 2 —1]. Our test described previously would indi-
cate (2,, z,, z3) to be collectively nonredundant, although in-
dividual tests for z,, z,, or z; would classify them as redun-
dant.

Now suppose that variables z; and z, were fixed to con-
stant values through the addition of the following constraints:

(53)
(54)

zy=a

z,=b.

Obviously z,, z,, and z; are no longer collectively nonredun-
dant. The coefficient matrices in Eq. 51 will be:

[ -1 1 0
m_ | 0 -1 1
™= 0 0

[ 0 1 0

1
u_ | -1
=1 0

[ 0

and a matrix orthogonal to T* would be:

0
0
] (55)
0

OO = e
—_ o oo
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Premultiplying Z7 by 77, we get
-1 2 -1
z'tm= 0o 1 0},
0 0 1

(56)

which is nonsingular. Therefore, in this case the test confirms
that z,, z,, and z; are collectively redundant.

Characteristics of Robust Statistics

In the previous sections we described and compared both
the Bayesian and the robust approaches for simultancous
gross-error detection. Since it models the gross errors, the
Bayesian estimator deemphasizes outliers and detects them,
by comparing the gross error and the random-error terms.
On the other hand, robust estimators deemphasize outliers,
as they are constructed to be resistant to deviations from the
ideal error structures. However, a robust estimator provides
no direct inferences to detect the outliers. First we describe a
few techniques based on exploratory statistics that can be used
to draw inferences based on the residuals produced by the
robust regression. In the third section we saw that a careful
analysis of the problem through variable classification can
avoid numerical problems due to nonunique solutions of the
regression problem. Following this subsection, we explore this
topic a bit further and explain the numerical and statistical
difficulties associated with performing gross-error detection
on nonredundant variables and what can be done about it.

Identifying outliers and distributions: exploratory statistics

Once problem 1 is solved using the fair function or other
robust estimator as the objective function, we end up with an
estimate of the residuals {e;, ..., €y}. Since the robust esti-
mators are resistant to outliers and to other anomalies, we
assume that this sample will be representative of the mea-
surement noise so that we can use batch exploratory methods
to study them. Useful techniques for the distribution of the
measurement noise are stem-and-leaf plots, dotplots, and
probability plots. Stem-and-leaf and dotplots are essentially
histograms, but with a different visual display. In dotplots,
sample points within the same magnitude are plotted as points
that pile up. In probability plots, the sample ordered statis-
tics (residuals ordered in increasing values) are displayed vs.
the order statistics (expected value of the ith observation in a
sample of size N) of some distribution. If the sample is drawn
from, say, a normal distribution, then it should be linear with
the normal order statistics, the slope, and the intercept given
by the sample standard deviation and mean. These plots not
only are useful to give insight into the distribution of the
measurement errors but are also useful to reveal outliers
visually. A very simple and useful technique is the boxplot
where the center of the box is the median and the sides are
the quartiles. The outliers are spotted by computing order
statistics (median and quartiles) and their distances from
these. We start by computing the interquartile-range dy:

dp=F,—F, 7
where F, and F, are the third and first quartiles, respec-
tively. The outlier cutoffs are defined as F, — ad and F, +

2848 October 1996

adgp, where o is usually set to 1/3. Measurements outside
the cutoffs are considered outliers. A good description of
these methods is given in Tukey et al. (1983). Once the out-
liers have been identified, this identification can always be
verified by dropping the outliers and resolving a least-squares
problem.

All these exploratory statistical tools are available in easy-
to-use packages such as MINITAB (Ryan et al., 1985) or
xlispstat (Tierney, 1990). In fact, all the quantile plots, dot-
plots, and boxplots associated with the examples below were
produced using these packages.

Nonredundant variables: other robust estimators

In the previous section we discussed variable classification
and we concluded that if a variable is unobservable, then it
will not have a unique solution. Likewise, if a variable is
nonredundant, then if the measurements associated with it
are detected as outliers in the optimization, this variable will
become unobservable and therefore nonunique. This leads to
ill-behaved optimization problems where the solution will be
difficult to obtain. Although these problems can be stabilized
by using trust-region-based approaches (Dennis and Schn-
abel, 1983; Gopal and Biegler, 1995), the solution in these
variables will be statistically meaningless as these nonredun-
dant variables are not related to other measured variables
through the model; their only sources of information are their
own measurements. When using Bayesian methods or M es-
timators, these measurements are essentially ignored if they
seem to be outliers, and this may happen even early in the
optimization run. In this case a nonredundant variable will
become unobservable and this can lead to convergence fail-
ures far from the solution.

Since the estimates of a nonredundant variable are totally
dependent on their measurements, the contaminated normal
or robust formulations cannot be used on these variables, as
gross errors will make them unobservable and nonunique. In-
stead, robust estimates are needed based on replicate inde-
pendent sensors measuring the same variable at the same
time. With replication, the gross-error techniques described
earlier can be used with less difficulty.

Moreover, although we focus mainly on M estimators in
this article, there are other robust estimators that are more
useful with replication when performing gross-error detec-
tion with nonredundant variables. L estimators, for instance,
are linear combinations of order statistics. The simplest ones
are the median for location and the median absolute devia-
tion (MAD) for scale. Other statistics, such as the trimean,
involve linear combinations of the quartiles. Although these
statistics are very easy to compute, they are not differen-
tiable. Another popular class of statistics are the R estima-
tors, which are based on rank tests. Although they are more
difficult to compute, they seem to have very good robustness
and asymptotic properties. For more on these methods, refer
to (Huber, 1980; Rey, 1983; Tukey et al., 1983; Rousseeuw
and Leroy, 1987).

To deal with nonredundant variables, one can use an M
estimator on replicated measurements, or one can preprocess
the data for each time instant on this variable with L estima-
tors, and feed the result to a least-squares estimator. This
last approach seems more sensible since L estimators are very
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Figure 1. Heat exchanger network.

easy to use, and are extremely robust. If, for instance, we are
measuring a nonredundant temperature, then we could use
three separate thermocouples. For each time sample we
would calculate the median (an L estimator), and this value
would be given to the regression problem, where the objec-
tive function for this variable would be least squares. As
shown in Examples 2 and 3, this robust statistic is highly re-
sistant to outliers on nonredundant variables.

Finally, a simplification of this treatment occurs when the
nonredundant variable is known to be constant with time, say,

an input or control variable. Here we regard the values of
this variable over time {u,, ..., uy} as a sample from a statis-
tical distribution and the batch exploratory techniques can be
used to spot outliers. If an individual measurement u; is de-
tected as an outlier, then this measurement can be replaced
by the median of the time-series samples. Moreover, if this
input variable is a known function of time, then its measure-
ments can be subtracted from the known function and the
same approach can be applied.

Examples

In this section we present three examples. In the first ex-
ample, we demonstrate the effectiveness of the simultaneous
gross-error approach by comparing the results of both the
Bayesian approach and the robust estimator with serial
gross-error detection tests. Second, in the tanks problem we
compare the fair function with the Bayesian approach, and
we show how some exploratory tools can be used to spot the
outliers and give some insight about the distributional struc-
ture of the measurement errors. In the final Aydrolysis exam-
ple, we show how gross-error detection can be performed with
nonredundant data and also how to use both M and L esti-
mators.

Heat exchanger network

Here we consider the steady-state heat-exchanger problem
presented by Swartz (1989), where the gross-error detection

Table 1. Heat Exchanger Network: Regression Results

Variable Std. Swartz Swartz Contaminated Fair
Tag Name Measurement Dev. Run 1 Run 2 Normal Function
FAl 1,000.00 20.00 963.63 969.12 968.81 954.25
TAl 466.63 0.75 466,33 466.33 466.33 466.33
FA2 — — 963.63 969.12 968.81 954.25
TA2 — — 481.91 481.77 481.78 481.79
FA3 401.70 8.03 407.86 406.68 406.66 401.95
TA3 481.78 0.75 481.81 481.77 481.78 481.79
FA4 — — 407.86 406.68 406.66 401.95
TA4 530.09 0.75 530.09 530.09 530.09 530.09
FAS — - 407.86 406.68 406.66 401.95
TAS 616.31 0.75 615.51 616.31 616.27 616.29
FA6 552.70 11.05 555.77 562.44 562.15 552.30
TA6 — -— 481.91 481.77 481.78 481.79
FA7 — — 555.77 562.44 562.15 552.30
TA7 619.00 0.75 617.76 613.94 614.09 618.80
FAS8 — — 963.63 969.12 968.81 954.25
TAS8 614,92 0.75 616.81 614.93 615.01 617.74
FB1 253.20 5.06 253.20 253.20 253.20 253.20
TB1 618.11 0.75 618.11 618.11 618.11 618.11
FB2 — - 253.20 253.20 253.20 253.20
TB2 - — 543.90 54391 543.85 54475
FB3 — — 253.20 253.20 253.20 253.20
TB3 — - 486.51 486.71 486.59 488.37
FC1 308.10 6.16 308.10 308.10 308.10 308.10
TC1 694.99 0.75 694.99 694.99 694.99 694.99
FC2 — — 308.10 308.10 308.10 308.10
TC2 — — 594.80 594.10 594.15 595.34
FD1 — — 689.42 679.72 680.09 693.35
TD1 667.84 0.75 668.02 667.83 667.84 667.86
FD2 680.10 13.60 689.42 679.72 680.09 693.35
TD2 558.34 0.75 558.17 558.35 558.34 558.32
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Figure 2. Dotplot for normalized residuals from Swartz regression.
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Figure 3. Boxpiot for residuais from Swartz regression; median marked as +, probable outliers as ©.

was performed sequentially. A comparison between the serial
approach and the simultancous approach was done by Tjoa
and Biegler (1991), where the contaminated normal distribu-
tion function 10 was used successfully to reconcile the data
and detect the outliers. A simplified flowsheet is presented in
Figure 1. In this problem the nonredundant variables are
TAl, TA4, FB1, TB1, FC1, and TC1.

Table 1 shows the measurements, the standard deviations
associated with them, and the estimates of the regressions
performed in Swartz (1989), where a least-squares objective
function was used on all measurements (run 1) and a mea-
surement test was used to detect outliers. In this test, the
measurement from variable TA7 was identified as a gross er-
ror. This measurement was then deleted and a new regres-
sion with the least squares was performed (run 2). No gross
errors were detected this time. Table 1 also shows the results
obtained in Tjoa and Biegler (1991) when the contaminated
normal objective function is used with a probability of gross-
error occurrence () equal to 0.05 and with a ratio of stan-
dard deviations (b) equal to 10. In this regression, the mea-
surement of variable TA7 is identified as a gross error and
the estimates are very close to those obtained in Swartz (1989)
(run 2). The results from these two regressions are essentially
the same. Finally, the same table shows the estimates of the
regression when the fair function, Eq. 22, is used, tuned for
an asymptotic relative efficiency of 70% for the normal distri-
bution (¢ =0.04409). Qualitatively similar results were also
obtained with a 95% efficiency, but here we consider a lower
efficiency for added robustness. This ensures that the differ-

ence between this estimator and the other methods will be
more visible and better appreciated.

In all regressions the estimates for the nonredundant vari-
ables were the same as the measurements, which is not sur-
prising in light of the discussion in the previous section. For
the nonredundant variables, the results from the fair function
were different from the ones obtained in Swartz (1989) and
Tjoa and Biegler (1991). In order to explain the difference we
plotted the residuals for the redundant variables in dotplots
and boxplots (Figures 2-7). The dotplots and boxplots for the
regressions with the contaminated normal and the serial ap-
proaches (Figures 2-5) clearly confirm the choice of TA7 as
the source of outliers, as its residual appears as an extreme
point. However, the dotplot and the boxplot for the residuals
when using the fair function (Figures 6 and 7) indicate FAl
and TAS as the source of gross errors that correspond to the
extreme points in these plots. In Figure 8 we produce dot-
plots for the residuals from the three regressions with the
outliers deleted. Note that the residuals for the regression
with the fair function seem to be more compressed around
the origin, which would indicate that the fair function picked
a better choice of outliers than the other methods.

Two connected tanks

In this example, which we treated previously (Albuquerque
and Biegler, 1996), we have two tanks connected by a valve,
The measured variables are the flows F;, F,, F,, and the
levels of liquid &4, h,. The parameters are the inverse of the

00 I+ (o} (o]
e m e P e ——— - o ———— Fr————— Cont. N
-1.5 0.0 1.5 3 4.5 6.0

Figure 5. Boxplot for residuals from regression with contaminated normal; median marked as +, probable outliers

as o.
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Figure 8. Dotplots for the normalized residuals from heat-exchanger network problem with the outliers removed.

cross-sectional areas 1/4,, 1/4,. The arrangement is shown
in Figure 9. Using the techniques described in a previous sec-
tion, no unobservable variables were detected. However, the
input variable F, is nonredundant, as seen from the model
for the two connected tanks:

Ay =Fy— F, (58)
Ayh,=F, —F, (59)
hy=h, (60)
F, = A,/2gh, . (61)

Both A, and F; can be estimated from Eq. 58 only. Unless
F, is measured, then both F, and A; will be unobservable.
In the first experiment, we simulated the data with normal
noise along with large random shifts in the measured vari-
ables, except for Fy. These shifts simulate the gross errors.
We performed the regression with our SQP decomposition
strategies (Albuquerque and Biegler, 1996) using the least-
squares function, the contaminated normal (Tjoa and Biegler,
1991) and the fair function tuned for an asymptotic relative

Fy

R

Ay F Ay F2
Figure 9. Two tanks connected by a valve.

>
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efficiency of 95% for the normal distribution (¢ = 1.3998; see
Eq. 16).

However, on all three runs the least-squares estimate was
used for F,,. This variable is nonredundant, and to simplify
the presentation we assume it has no gross errors. Deviation
from this assumption will be examined later. The true values
and the data for all the measured variables are shown in Fig-
ure 10. Table 2 shows the estimated values for the parame-
ters and their relative errors for the least squares, contami-
nated normal, and robust fair function, and also the number

125
10.0 S A oo A
in a Level 1
Lol Level 2
5.0 - A o] Flow 1
A
A Flow 2
259 o o o
< 3] Flow 0
00 oo o0 O
2.5 i 1 1 t 14
= n = n = v
(=] (o] v o~ 2 2
Time
Figure 10. Data for tanks problem, random shifts as

gross errors.
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Table 2. Tanks Problem with Random Shifts as Gross

Errors
CPU
(seconds-
Parameters 1/4, 1/A, Tter. VAX3200)
True value 0.500 0.500
Least squares  0.698 (+40%) 0.503 (+0.6%) 8 35
Contaminated 0.490 (—2%)  0.500 (0%) 9 39
normal
Fair function  0.501 (+0.2%) 0.501(+02%) 8 33
0
o
)
< °
°
u© o .
8 o o
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Normal order statistics

Figure 11. Normal probability plot for F,,.

of iterations required for convergence and the CPU time for
a VAX-3200 workstation. The least squares showed a heavy
bias, whereas both methods for handling the gross errors de-
livered excellent estimates. The contaminated normal method
succeeded in detecting all the gross errors.

In Figures 11 to 15 we plot the residuals of Fy, F,, F,, Ay,
h, obtained from the regression with the fair function on
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Ordered residuals for F,
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Figure 12. Normal probability plot for F,.
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Figure 13. Normal probability plot for F,.

normal quantile plots. These are probability plots where the
residuals are plotted against the order statistics for the nor-
mal distribution (see the previous section). In these plots
(Rawlings, 1988), linearity indicates normality. The outliers
show up as distinct points in the extremes of the graphics.
The bulk of the data are nearly normal (i.e., linear) in all
variables confirming that the measurement error does follow
a normal distribution. The CPU times for the three regres-
sions differ very little in this case.

In another run, we simulated the data with normal random
noise, but this time the measuring devices for the level in the
first tank (h,) and the flow measurements coming out of the
second tank (F,) were stuck at the second time period. Fig-
ures 16 and 17 show the true values, the data, and the recon-
ciled values for these variables using the contaminated nor-
mal objective function and the fair function tuned for a rela-
tive asymptotic efficiency of 70% with the normal distribu-
tion (c = 0.04409). Both the fair function and the contami-
nated normal distribution captured the profile for F, quite

(3}
-

0.5

Ordered residuals for h1
0
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Normal order statistics

Figure 14. Normal probability plot for h,.
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Figure 16. Tanks problem: stuck sensor on h,.

well (Figure 17); however, the contaminated normal failed to
estimate the true values of A, and followed the errors in-
stead, whereas the fair function did a much better job at ig-
noring the errors and estimating the true values (Figure 16).
In Table 3 we display the parameter estimates, number of
iterations, and CPU time for the regression with the least
squares, the contaminated normal distribution, and for the
fair function tuned for relative asymptotic efficiencies with
the normal distribution of 95, 80, and 70% (c = 1.3998,
0.17156, 0.04409). In all cases, the fair function did a better
job than the contaminated normal and the least squares, with
best results at the lowest efficiency. The contaminated nor-
mal performed worse than the least squares. This is not sur-
prising since the gross error distribution is assumed normal
and centered on zero residuals, which is clearly not the case,
as the outlying measurements are heavily biased. Here the
contaminated normal failed to detect the errors in k; (type I
error), but flagged all measurements of s, as gross errors

a Data
° Real
Contaminated
Ll T S s Robust (70%)
oGH =¥ T A
S " S " o e
Time
Figure 17. Tanks probiem: stuck sensor on F,.
Table 3. Tanks Problem with Stuck Sensors
CPU
(seconds-
Parameters 1/4, 1/4, Iter. VAX3200)
True value 0.500 0.500

Least squares  0.25* (—50%)
Contaminated 0.25* (—50%)
normal
Fair function,
E=9%
Fair function,
E=80%
Fair function,
E=70%

0.571(+14.2%) 10 43
0.25* (-50%) 19 83

025* (-50%) 0.456(—-8.8%) 15 66
0.314(-372%) 0476(—4.8%) 16 70

0337 (—32.6%) 0482(—-18%) 24 105

*Bounds.

(type I error). By accepting the errors as valid data and dis-
carding valid data as errors, the contaminated normal actu-
ally performed worse than the least squares, which does not
make such distinctions. In Figures 18 to 22 we display dot-
plots of the residuals of the measured variables obtained with
the fair function tuned at the lowest efficiency (70%). It can
be seen that the residuals for Fy, F;, and h, are concen-
trated around zero, whereas the residuals for F, and A, form
a spike well away from zero, suggesting a heavy bias. Al-
though the fair function required a computational effort 2.4
times larger than the least squares, it is still very cheap if we
take into account the large number of gross errors detected
in this example.

We now describe how to detect gross errors in F. In the
previous examples we assumed that Fy had no gross errors
and we used a least-squared estimator since F, is a non-
redundant variable. Use of either the fair function or the
contaminated normal leads to poor convergence and per-
formance of the optimization algorithm if F, is detected as
an outlier. The measurements of this variable are not being
replicated across the time instants. However, F, is also
a control variable with a constant set point of 9.0, so gross-
error detection can be performed without replication (see the

- a 33004 o 3o - 3.

% 332.3% 32Il. .

- 33 . .
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Figure 18. F, residuals for tanks problem with stuck sensors.
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Figure 19. F, residuals for tanks problem with stuck
sensors.
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Figure 20. F, residuals for tanks problem with stuck
sensors.

discussion in the previous section). We simulated the data for
F, with random shifts as gross errors. The data and the er-
rors are shown in Figure 23. A boxplot (Figure 24), with its
outlier cutoffs computed as described earlier immediately
spots the gross errors. These points can then be replaced by
the median of the sample (9.02). Note that using least squares
on this median is robust and resistant to outliers in F,.

Acetic anhydride hydrolysis

In this problem, we have an isothermal viscous-flow tubu-
lar reactor with an acetic anhydride reaction and radial diffu-
sion. The measurements are the bulk concentration at the
end of the reactor and the unknown parameter is the kinetic
constant (Cleland and Wilhelm, 1956). The model is the fol-
lowing:

1o x?) Ju 0%u 1 du e )
—_ _— —— + —_—] -
Sy A ax*  x dx
u(x,0)=1 (63)
ou 0 (64)
X [x=0,1 S
‘
3
H
2
.2
«22
- . . - - - . * s seemven 233
+ + * . + hi
0.00 0.15 0.30 0.45 0.60 0.75
Figure 21. h, residuals for tanks problem with stuck
sensors.
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Figure 22. h, residuals for tanks problem with stuck
sensors.

where 8= D/R?, u=C/Cy, t =z/vy, x=r/R, and D is the
diffusion coefficient; r is the radial direction starting from
the center; R is the reactor’s radius; C is the concentration at
a given point; C, is the feed concentration; z is the axial
coordinate; v, is the fluid velocity at the center of the reac-
tor; and & is the kinetic constant to be estimated. Although
this problem is in steady state, Egs. 62, 63, and 64 form a
parabolic partial differential equation that can be converted
into an ODE system with initial conditions in ¢, using the
method of weighted residuals (Ames, 1992). It can thus be
solved efficiently by our decomposition techniques (Al-
buquerque and Biegler, 1996). More details on how to treat
distributed systems will be left to a future article. The mea-
sured variable is the bulk concentration C, at the length L of
the reactor.

Co=4 x(1- x?ulx, L) dx. (65)
0

These measurements are collectively nonredundant; there-
fore for robust gross-error techniques to be used, they must
be replicated. We show how estimators other than M estima-
tors can be used in a situation where the nonredundant data
are replicated and therefore do not have to be taken at face
value. Given several measurements of (CL, ..., C™), we can
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Figure 23. Tanks problem: random shifts as gross er-
rors on F,.
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Figure 24. Tanks problem: boxplot for £, with random
shifts as gross errors; data in Figure 23; me-
dian marked as +, quartiles as |, outliers as
*.
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Figure 25. Hydrolysis problem, small bias in one data

point.

Table 4. Hydrolysis Problem, Small Bias in One Data Point

CPU

Parameter k Iter.  (seconds-VAX3200)
True value 0.2733
Least squares 03216 (+17.7%) 15 20
Fair function, 0.3127 (+ 14.4%) 13 18
E=95%
Fair function, 0.3010 (+ 10.1%) 19 25
E =70%
Least squares  0.3009(+10.1%) 14 18

with median

use an M estimator, or we can preprocess the sample using
L-estimators (e.g., the median of the replicates) and feed this
estimate to a least-squares estimator. In the first run we used
three points, two of them close to the real value of the exit
concentration, and one somewhat farther away (Figure 25).
We then used the least-squares function, the fair function
tuned for 95% and 70% relative asymptotic efficiencies for
the normal distribution (¢ = 1.3998, 0.04409) using the sam-
ple standard deviation as the scale measure, and the least
squares preprocessed by the median (L estimator).

The estimates are compared in Table 4 along with the re-
quired number of iterations and CPU time on a VAX-3200
workstation. The fair function performed better than the least
squares and as well as the preprocessed least squares when
tuned for a low relative asymptotic efficiency. All regressions
required comparable computational effort. In another run,
we pulled the biased observation farther away from the con-
centration’s true value (Figure 26). The parameter estimates
for this case are shown in Table 5 along with the computa-
tional loads. Although the fair function still behaves very well
when tuned at a 70% efficiency, it loses some accuracy in the
estimate, whereas the preprocessed least squares totally ig-
nores the added bias. In this last approach we are taking ad-
vantage of the high robustness of L estimators. Again, there
is not much difference in the computational effort of the dif-
ferent regressions.

Conclusions

While data reconciliation is a commonly used tool for
steady-state systems, its application to dynamic systems is stili
in its infancy. In this article, we explore several aspects of the
dynamic data-reconciliation problem, including gross-error
detection and variable classification. For this study we see
that both aspects are strongly linked and have an important
impact on the solution of the optimization probiem and per-
formance of the optimization algorithm.
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Figure 26. Hydrolysis problem, large bias in one data
point.

Table 5. Hydrolysis Problem, Large Bias in One Data Point

CPU
Parameter k Iter.  (seconds-VAX3200)
True value 0.2733
Least squares  0.4375(+60.1%) 14 18
Fair function, 0.3846 (+40.7%) 13 18
E =959
Fair function, 0.3017 (+10.4%) 16 22
E="70%
Least squares  0.3009 (+10.1%) 14 18
with median

For gross-error detection we embed and analyze robust es-
timators within our data-reconciliation formulation and com-
pare this approach to a previously studied contaminated nor-
mal formulation. The robust approach has a number of ad-
vantages, including better numerical characteristics and less
biased estimates. Moreover, as analyzed in this study this ap-
proach has the interesting property of yielding global solu-
tions for nonlinear programs with low constraint curvature.

For data reconciliation, uniqueness of the optimal solution
and the consequent convergence to this solution is closely tied
to observability and redundancy of the measurements. This
analysis has been revisited and developed with cheap LU
factorizations, and, for dynamic systems, we introduce the new
concept of collective redundancy, which is relevant when the
time series disappears. This analysis is therefore useful not
only for interpreting the reconciled values but also for suc-
cessful performance of the optimization algorithm.

Finally, one feature of the robust approach is that no error
structure is assumed from which inferences can be drawn. As
a result, exploratory statistics must be used to aid in the in-
terpretation of the results. Three examples are analyzed to
illustrate all of these concepts and demonstrate the advan-
tages of the robust approach for dynamic data reconciliation.
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